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Recently, various researchers have proved that the approximations of fuzzy numbers may fail to be fuzzy numbers, such
as the trapezoidal approximations of fuzzy numbers. In this paper, we show by an example that the weighted triangular
approximation of fuzzy numbers, proposed by Zeng and Li, may lead to the same result. For ﬁlling the gap, improvements
of trapezoidal and triangular approximations are proposed. The formulas for computing the two improved approxima-
tions are provided. Some properties of the two improved approximations are also proved.
 2007 Elsevier Inc. All rights reserved.
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Fuzzy numbers are often used in practice to represent uncertain or incomplete information. An interesting
problem is to approximate general fuzzy numbers by means of trapezoidal or triangular ones, so as to simplify
the calculations. Recently, there have been many research papers investigating the approximations of fuzzy
numbers [1–4,6–13,15–17]. In this paper, we investigate improving trapezoidal and triangular approximations
of fuzzy numbers.
For arbitrary fuzzy numbers A and B with a-cuts [AL(a),AU(a)] and [BL(a),BU(a)], respectively, the quantity0888-6
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; ð1:1Þis a distance between A and B. The nearest trapezoidal (nearest triangular, symmetric triangular, interval)
approximation of A is deﬁned as the trapezoidal (triangular, symmetric triangular, rectangle) fuzzy number
which minimizes the distance d(A,X), where X is a trapezoidal (triangular, symmetric triangular, rectangle)13X/$ - see front matter  2007 Elsevier Inc. All rights reserved.
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298 C.-T. Yeh / Internat. J. Approx. Reason. 48 (2008) 297–313fuzzy number. Obviously, the interval approximation, proposed by Grzegorzewski [8], and the symmetric
triangular approximation, proposed by Ma et al. [13], are fuzzy numbers. But, the Grzegorzewski and
Mro´wka’s trapezoidal approximation of a fuzzy number, named the extended trapezoidal approximation
in this paper, may fail to be a fuzzy number, see [5,15], and so does the Abbasbandy and Asady’s approxi-
mation [2]. In Section 2, we show by an example that the weighted triangular approximation of a fuzzy num-
ber, proposed by Zeng and Li, may fail to be a fuzzy number. In Section 3, the space of extended trapezoidal
fuzzy numbers is introduced [16]. We also present a formula for computing the extended trapezoidal
approximation of fuzzy numbers preserving the expected interval, which is proposed by Grzegorzewski
and Mro´wka [9]. In Section 4, we introduce the nearest trapezoidal approximation of fuzzy numbers, which
is an improvement of the former trapezoidal approximations. A formula for computing the nearest trapezoi-
dal approximation is provided. In the same way, we propose the nearest triangular approximation of fuzzy
numbers and its formula. In Section 5, we study the algorithms for computing the trapezoidal and triangular
approximations using the a-cut representations. In Section 6, we show some properties of the two
approximations.2. A counter-example
An arbitrary fuzzy number A can be represented by an ordered pair of left continuous functions
[AL(a),AU(a)], 0 6 a 6 1, which satisfy the following conditions:
• AL is increasing on [0,1].
• AU is decreasing on [0,1].
• AL(1) 6 AU(1).
A fuzzy number A is trapezoidal iﬀ (if and only if) its a-cuts are of the form [a1 + (a2  a1)a,a4  (a4  a3)a],
where ai are real numbers (denoted by R) with the constraint:a1 6 a2 6 a3 6 a4: ð2:1Þ
The set of all trapezoidal fuzzy numbers is denoted by T. A trapezoidal fuzzy number is called triangular iﬀ
a2 = a3 holds.
Recall that a weighted function k = k(a), a 2 [0,1], is a non-negative integrable function with R 1
0
kðaÞda > 0.
Let k = k(a) be a weighted function with
R 1
0
kðaÞda ¼ 1
2
. In [17], Zeng and Li proposed a weighted triangular
approximation of fuzzy numbers. The weighted triangular approximation [t1  (1  a)t2, t1 + (1  a)t3] of a
fuzzy number A = [AL(a),AU(a)] can be computed by the following formulas:t1 ¼
R 1
0
kðaÞð1 aÞda  R 1
0
kðaÞð1 aÞðALðaÞ þ AU ðaÞÞda
2
R 1
0 kðaÞð1 aÞda
 2
 R 10 kðaÞð1 aÞ2 da

R 1
0
kðaÞð1 aÞ2 da  R 1
0
kðaÞðALðaÞ þ AU ðaÞÞda
2
R 1
0 kðaÞð1 aÞda
 2
 R 10 kðaÞð1 aÞ2 da
; ð2:2Þ
t2 ¼
t1
R 1
0 kðaÞð1 aÞda
R 1
0 kðaÞð1 aÞALðaÞdaR 1
0
kðaÞð1 aÞ2 da
; ð2:3Þ
t3 ¼
R 1
0
kðaÞð1 aÞAUðaÞda t1
R 1
0
kðaÞð1 aÞdaR 1
0 kðaÞð1 aÞ2 da
; ð2:4Þsee [17, Eq. (4)]. The following Fact 2.2 shows that the weighted triangular approximation of A ¼ 0; 1 ﬃﬃﬃap½  is
not a fuzzy number, for any weighted function k with
R 1
0
kðaÞda ¼ 1
2
.
C.-T. Yeh / Internat. J. Approx. Reason. 48 (2008) 297–313 299Lemma 2.1. Let q be a weighted function on [0,1], and xq denote the following positive real numberxq :¼
R 1
0 qðaÞadaR 1
0
qðaÞda
: ð2:5ÞThen,Z 1
0
qðaÞða xqÞgðaÞda < 0for all strictly decreasing function g.
Proof. Let F = F(t) denote the functionF ðtÞ :¼
Z t
0
qðaÞða xqÞda:Obviously, F(0) = 0. Eq. (2.5) implies F(1) = 0. On the other hand, fundamental theorem of calculus givesF 0ðtÞ ¼ qðtÞðt  xqÞ: ð2:6Þ
Hence, F 0(t) 6 0 for each t 2 [0,xq], and F 0(t)P 0 for each t 2 [xq, 1]. We conclude thatF ðtÞ 6 0 for all t 2 ½0; 1:
Let g be a strictly decreasing function. By using integration by parts, we getZ 1
0
qðaÞða xqÞgðaÞda ¼ gðaÞF ðaÞj10 
Z 1
0
F ðaÞdgðaÞ ¼ 
Z 1
0
F ðaÞdgðaÞ 6 0:Suppose, for a contradiction, the last equality holds. Obviously, F = 0 almost everywhere [14, p. 30], so that
q(t) = 0 almost everywhere by Eq. (2.6), which contradicts
R 1
0
qðaÞda > 0. This completes the proof. h
Fact 2.2. The weighted triangular approximation of A ¼ 0; 1 ﬃﬃﬃap½ , computed by Eqs. (2.2)–(2.4), is not a fuzzy
number, for any weighted function k with
R 1
0 kðaÞda ¼ 12.
Proof. Let A ¼ 0; 1 ﬃﬃﬃap½ . Substituting into Eq. (2.2) by AL(a) = 0 and AU ðaÞ ¼ 1 ﬃﬃﬃap , we get
t1  2
Z 1
0
kðaÞð1 aÞda
 2

Z 1
0
kðaÞð1 aÞ2 da
" #
¼
Z 1
0
kðaÞð1 aÞda 
Z 1
0
kðaÞð1 aÞAU ðaÞda
Z 1
0
kðaÞð1 aÞ2 da 
Z 1
0
kðaÞAU ðaÞda
¼
Z 1
0
kðaÞð1 aÞada 
Z 1
0
kðaÞAU ðaÞda
Z 1
0
kðaÞð1 aÞda 
Z 1
0
kðaÞaAU ðaÞda
¼
Z 1
0
kðaÞð1 aÞada 
Z 1
0
kðaÞð1 aÞ
1þ ﬃﬃﬃap da
Z 1
0
kðaÞð1 aÞda 
Z 1
0
kðaÞð1 aÞa
1þ ﬃﬃﬃap da:By applying Lemma 2.1 to q(a) = k(a)(1  a) and gðaÞ ¼ 1
1þ ﬃﬃap , we obtaint1  2
Z 1
0
kðaÞð1 aÞda
 2

Z 1
0
kðaÞð1 aÞ2 da
" #
¼
Z 1
0
kðaÞð1 aÞda 
Z 1
0
kðaÞð1 aÞ
1þ ﬃﬃﬃap ðaxqÞda> 0;wherexq ¼
R 1
0
kðaÞð1 aÞadaR 1
0
kðaÞð1 aÞda
:
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0
kðaÞð1 aÞda
 2
6
Z 1
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kðaÞ
p 2 da  Z 1
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kðaÞ
p
ð1 aÞ
 2 da ¼ 1
2
Z 1
0
kðaÞð1 aÞ2 da:It is easily veriﬁed that the above equality holds iﬀ k(a) = 0, which contradicts
R 1
0
kðaÞda ¼ 1
2
. Hence,2
Z 1
0
kðaÞð1 aÞda
 2

Z 1
0
kðaÞð1 aÞ2 da < 0:This implies t1 < 0. Substituting into Eq. (2.3) by AL(a) = 0, we gett2 ¼ t1 
R 1
0
kðaÞð1 aÞdaR 1
0
kðaÞð1 aÞ2 da
:Hence, t1 and t2 have the same sign, i.e. t2 < 0. By (2.1), it is easily seen that ½t1  ð1 aÞt2; t1 þ ð1 aÞt3 2 T if
and only if t2, t3P 0. This shows that the weighted triangular approximation of A ¼ 0; 1
ﬃﬃﬃ
a
p½ , computed by
Eqs. (2.2)–(2.4), is not a fuzzy number. h3. Preliminaries and extended trapezoidal approximations
In Section 2, we show that the weighted triangular approximation of a fuzzy number may fail to be in T.
The following work is to improve trapezoidal and triangular approximations of fuzzy numbers. In this paper,
the form [a + ba,c + da], a; b; c; d 2 R (it may fail to satisfy (2.1)) is called an extended trapezoidal fuzzy num-
ber. The distance d(A,B) between two extended trapezoidal fuzzy numbers A = [AL(a),AU(a)] and
B = [BL(a),BU(a)] is deﬁned as Eq. (1.1).
Let the symbol (l,u;x,y) denote an extended trapezoidal fuzzy number with the following a-cutslþ x a 1
2
 
; u y a 1
2
  	
: ð3:1ÞIn [16], the author proved the following preposition.
Proposition 3.1 [16, Proposition 3.1]. Let A = (l,u;x,y) be an extended trapezoidal fuzzy number. Then
(1) A is trapezoidal iff x, yP 0 and x + y 6 2(u  l).
(2) A is triangular iff x, yP 0 and x + y = 2(u  l).Proof. See Appendix A. h
Proposition 3.2 [16, Proposition 3.3]. Let A = (l1,u1;x1,y1) and B = (l2,u2;x2,y2) be two extended trapezoidal
fuzzy numbers. ThendðA;BÞ2 ¼ ðl1  l2Þ2 þ ðu1  u2Þ2 þ 1
12
½ðx1  x2Þ2 þ ðy1  y2Þ2:Proof. See Appendix B. h
The extended trapezoidal approximation Te = (le,ue;xe,ye) of fuzzy number A, which coincides with
Grzegorzewski and Mro´wka’s trapezoidal approximation under the preservation of the expected interval
[9], is the extended trapezoidal fuzzy number which minimizes the distance d(A,X), where X is an extended
trapezoidal fuzzy number. Grzegorzewski and Mro´wka provided the following formulas for computing
Te(A) = [a1 + (a2  a1)a,a4  (a4  a3)a], where ai are deﬁned as follows
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Z 1
0
ALðaÞadaþ 4
Z 1
0
ALðaÞda; ð3:2Þ
a2 ¼ 6
Z 1
0
ALðaÞada 2
Z 1
0
ALðaÞda; ð3:3Þ
a3 ¼ 6
Z 1
0
AU ðaÞada 2
Z 1
0
AU ðaÞda; ð3:4Þ
a4 ¼ 6
Z 1
0
AU ðaÞadaþ 4
Z 1
0
AUðaÞda; ð3:5Þsee [9, Eqs. (29)–(32)]. Obviously (3.1) impliesle ¼ a1 þ a2
2
; ue ¼ a3 þ a4
2
; xe ¼ a2  a1; ye ¼ a4  a3:
Hence, Te(A) = (le,ue;xe,ye) can be computed by the following formulas:le ¼
Z 1
0
ALðaÞda; ð3:6Þ
ue ¼
Z 1
0
AUðaÞda; ð3:7Þ
xe ¼ 12
Z 1
0
a 1
2
 
ALðaÞda; ð3:8Þ
ye ¼ 12
Z 1
0
a 1
2
 
AUðaÞda: ð3:9ÞObviously, the deﬁnition of fuzzy number A impliesue  le P 0: ð3:10Þ
Because AL(a) and AU(a) are increasing and decreasing respectively, applying Lemma 2.1 to q = 1
then xq ¼ 12

 
we obtainxe P 0 and ye P 0: ð3:11Þ
In [15], the author proved two distance properties for Te.
Proposition 3.3 [15, Proposition 4.2]. Let A be a fuzzy number. Then,dðA;BÞ2 ¼ dðA; T eðAÞÞ2 þ dðT eðAÞ;BÞ2;
for any extended trapezoidal fuzzy number B.
Proposition 3.4 [15, Proposition 4.4]. d(Te(A),Te(B)) 6 d(A,B), for all fuzzy numbers A, B.4. Nearest trapezoidal and triangular approximations
Let A be a fuzzy number, and Tn(A) denote the nearest trapezoidal approximation of A, which means Tn(A)
is the trapezoidal fuzzy number minimizing the distance d(A,X), where X 2 T.
Let B = (l,u;x,y) be an arbitrary trapezoidal fuzzy number, and Te(A) = (le,ue;xe,ye) be the extended trap-
ezoidal approximation of A. Proposition 3.2 givesdðT eðAÞ;BÞ2 ¼ ðl leÞ2 þ ðu ueÞ2 þ 1
12
½ðx xeÞ2 þ ðy  yeÞ2:By Proposition 3.3, we obtaindðA;BÞ2 ¼ dðA; T eðAÞÞ2 þ ðl leÞ2 þ ðu ueÞ2 þ 1
12
½ðx xeÞ2 þ ðy  yeÞ2:
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2 is constant, to minimize d(A,B) it suﬃces to minimize the following functionf ðl; u; x; yÞ :¼ ðl leÞ2 þ ðu ueÞ2 þ 1
12
½ðx xeÞ2 þ ðy  yeÞ2: ð4:1ÞProposition 3.1(1) gives that B ¼ ðl; u; x; yÞ 2 T iﬀ x, yP 0 and x + y 6 2(u  l). Hence, the problem of cal-
culation of Tn(A) can be replaced with the following problem.
Problem 4.1. Find (l,u,x,y) 2 X that minimizes the function f(l,u,x,y), deﬁned as Eq. (4.1), where
X :¼ fðl; u; x; yÞjx; y P 0 and xþ y 6 2ðu lÞg: ð4:2ÞLemma 4.2. Every solution (l, u,x,y) of Problem 4.1 satisfies ue  le 6 u  l.
Proof. Suppose, for a contradiction, (l,u,x,y) is a solution of Problem 4.1 with u  l < ue  le. Then the point
(le,ue,x,y) is in X, sincex; y P 0 and xþ y 6 2ðu lÞ < 2ðue  leÞ:
Notice thatf ðl; u; x; yÞ ¼ ðl leÞ2 þ ðu ueÞ2 þ 1
12
½ðx xeÞ2 þ ðy  yeÞ2 >
1
12
½ðx xeÞ2 þ ðy  yeÞ2 ¼ f ðle; ue; x; yÞ:Hence, f(l,u,x,y) is not minimal, which is a contradiction. h
Lemma 4.3. If xe + yeP 2(ue  le), then every solution (l, u,x,y) of Problem 4.1 satisfies x + y = 2(u  l).
Proof. Suppose, for a contradiction, (l,u,x,y) is a solution of Problem 4.1 with x + y < 2(u  l). If
x + y < 2(ue  le), then letx0 ¼ xþ 2ðue  leÞ  x y
2
and y 0 ¼ y þ 2ðue  leÞ  x y
2
:Obviously, we have x 0 P x, y 0 P y andx0 þ y 0 ¼ 2ðue  leÞ;
x0  y 0 ¼ x y:
By applying Lemma 4.2, the ﬁrst equation implies x 0 + y 0 6 2(u  l). Hence(l,u,x 0,y 0) 2 X, where X is deﬁned
as Eq. (4.2). Notice thatf ðl; u; x0; y 0Þ  ½ðl leÞ2 þ ðu ueÞ2 ¼ 1
12
½ðx0  xeÞ2 þ ðy0  yeÞ2
¼ 1
24
½ðx0 þ y0  xe  yeÞ2 þ ðx0  y0  ðxe  yeÞÞ2
¼ 1
24
½ð2ðue  leÞ  xe  yeÞ2 þ ðx y  ðxe  yeÞÞ2:Because xe + yeP 2(ue  le) and x + y < 2(ue  le), we have
0P 2ðue  leÞ  xe  ye > xþ y  xe  ye:This impliesð2ðue  leÞ  xe  yeÞ2 < ðxþ y  xe  yeÞ2:
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24
½ðxþ y  xe  yeÞ2 þ ðx y  ðxe  yeÞÞ2
¼ 1
12
½ðx xeÞ2 þ ðy  yeÞ2 ¼ f ðl; u; x; yÞ  ½ðl leÞ2 þ ðu ueÞ2:Hence, f(l,u,x 0,y 0) < f(l,u,x,y), which is a contradiction.
If x + yP 2(ue  le), then letl0 ¼ lþ 2ðu lÞ  x y
4
and u0 ¼ u 2ðu lÞ  x y
4
:We obtain2ðu0  l0Þ ¼ xþ y and u0 þ l0 ¼ uþ l:The ﬁrst equation implies (l 0,u 0,x,y) 2 X. Additionally, the assumptions x + y < 2(u  l) and x + yP
2(ue  le) implyu l > xþ y
2
P ue  le;so that½ðu lÞ  ðue  leÞ2 > xþ y
2
 ðue  leÞ
h i2
:Now, let’s computef ðl0; u0; x; yÞ  1
12
½ðx xeÞ2 þ ðy  yeÞ2 ¼ ðl0  leÞ2 þ ðu0  ueÞ2
¼ 1
2
½ðu0 þ l0  ðue þ leÞÞ2 þ ðu0  l0  ðue  leÞÞ2
¼ 1
2
ðuþ l ðue þ leÞÞ2 þ xþ y
2
 ðue  leÞ
 2 	
<
1
2
½ðuþ l ðue þ leÞÞ2 þ ðu l ðue  leÞÞ2
¼ f ðl; u; x; yÞ  1
12
½ðx xeÞ2 þ ðy  yeÞ2:This also leads to a contradiction and completes the proof. h
Theorem 4.4. Let A = [AL(a),AU(a)] be a fuzzy number, Te(A) = (le, ue;xe,ye) be the extended trapezoidal
approximation of A, andde :¼ xe þ ye  2ðue  leÞ:
Then the nearest trapezoidal approximation Tn(A) = (ln,un;xn,yn) of A can be calculated in the following cases:
(1) If de 6 0, then Tn(A) = Te(A).
(2) If de > 0 and xe; ye P 38 de, thenln ¼ le  1
16
de; un ¼ ue þ 1
16
de; xn ¼ xe  3
8
de; yn ¼ ye 
3
8
de: ð4:3Þ
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un ¼ 15 le þ 45 ue þ 110 ye;
xn ¼ 0;
yn ¼  65 le þ 65 ue þ 25 ye:
8>><
>>:
ð4:4Þ(4) If de > 0 and ye <
3
8
de, thenln ¼ 45 le þ 15 ue  110 xe;
un ¼ 15 le þ 45 ue þ 110 xe;
xn ¼  65 le þ 65 ue þ 25 xe;
yn ¼ 0:
8>><
>>:
ð4:5ÞProof
(1) Let de 6 0, i.e. xe + ye 6 2(ue  le). (3.11) gives xe, yeP 0. Hence, (le,ue,xe,ye) 2 X, where X is deﬁned as
Eq. (4.2). That implies Tn(A) = Te(A).
(2) Let de > 0. By Lemma 4.3, the solution of Problem 4.1 satisﬁes x + y = 2(u  l). Applying Schwarz’s
inequality we getðl leÞ2 þ ðu ueÞ2 þ 1
12
ðx xeÞ2 þ 1
12
ðy  yeÞ2
 	
½22 þ ð2Þ2 þ 12þ 12
P ½xþ y  2ðu lÞ  ðxe þ ye  2ðue  leÞÞ2 ¼ d2e :
The equality holds iﬀ
l le
2
¼ ðu ueÞ
2
¼ x xe
12
¼ y  ye
12
¼ de
4þ 4þ 12þ 12 :
Hence we obtain Eq. (4.3). Because xe; ye P 38 de, Eq. (4.3) implies xn, ynP 0. Additionally, xn + yn =
2(un  ln). We obtain (ln,un,xn,yn) 2 X. This completes the proof of the case.(3) Because the solution (l,u,x,y) of Problem 4.1 is in the boundary of X, by (2), the assumption xe < 38 de
implies x = 0 or y = 0. Suppose that y = 0. Note that (3.10) impliesye P ye  2ðue  leÞ ¼ de  xe >
5
8
de > xe:
Now, applying the above inequality we compute
f ðl; u; x; 0Þ ¼ ðl leÞ2 þ ðu ueÞ2 þ 1
12
ðx xeÞ2 þ y2e
h i
¼ ðl leÞ2 þ ðu ueÞ2 þ 1
12
x2  2xxe þ x2e þ y2e
 
> ðl leÞ2 þ ðu ueÞ2 þ 1
12
x2  2xye þ x2e þ y2e
  ¼ f ðl; u; 0; xÞ:
Hence, f(l,u,x, 0) is not minimal, which is a contradiction. We conclude x = 0. By Lemma 4.3, we obtain
y = 2u  2l. Substituting into Eq. (4.1) by x = 0 and y = 2u  2l, we get
f ðl; u; 0; 2u 2lÞ ¼ ðl leÞ2 þ ðu ueÞ2 þ 1
12
x2e þ
1
12
ð2u 2l yeÞ2:
By applying elementary calculus, let’s solve the following equations:
of ðl;u;0;2u2lÞ
ol ¼ 2ðl leÞ  13 ð2u 2l yeÞ ¼ 0;
of ðl;u;0;2u2lÞ
ou ¼ 2ðu ueÞ þ 13 ð2u 2l yeÞ ¼ 0:
(Through a mathematical calculation, we may obtain Eq. (4.4).
(4) In the same vein, we may also obtain Eq. (4.5). h
C.-T. Yeh / Internat. J. Approx. Reason. 48 (2008) 297–313 305Remark 4.5. (3.10) gives ue  leP 0, so thatxe þ ye P xe þ ye  2ðue  leÞ ¼ de:This implies the intersection of Cases (3) and (4) is empty. Thus, the four cases are disjointed.
Remark 4.6. If deP 0, i.e. xe + yeP 2(ue  le), Lemma 4.3 implies xn + yn = 2(un  ln). By Proposition
3.1(2), Tn(A) = (ln,un;xn,yn) is triangular. That shows the nearest trapezoidal approximations obtained in
Cases (2)–(4) are all triangular.
Let A be a fuzzy number, and D(A) denote the nearest triangular approximation of A, which means D(A) is
the triangular fuzzy number minimizing the distance d(A,X), where X is a triangular fuzzy number. Similarly,
by applying Proposition 3.1(2), the problem of calculation of D(A) can be replaced with the following problem.
Problem 4.7. Find (l,u,x,y) that minimizes f(l,u,x,y) with the constraints x, yP 0 and x + y = 2(u  l), where
f(l,u,x,y) is deﬁned as Eq. (4.1).
Using the techniques from the proof of Theorem 4.4, we obtain the following theorem.
Theorem 4.8. Let A = [AL(a),AU(a)] be a fuzzy number, Te(A) = (le,ue;xe,ye) be the extended trapezoidal
approximation of A, andde :¼ xe þ ye  2ðue  leÞ:
Then the nearest triangular approximation D(A) = (l 0, u 0;x 0, y 0) can be calculated in the following cases:
(1) If xe; ye P 38 de, thenl0 ¼ le  1
16
de; u0 ¼ ue þ 1
16
de; x0 ¼ xe  3
8
de; y0 ¼ ye 
3
8
de:(2) If xe < 38 de, thenl0 ¼ 4
5
le þ 15 ue  110 ye;
u0 ¼ 1
5
le þ 45 ue þ 110 ye;
x0 ¼ 0;
y 0 ¼  6
5
le þ 65 ue þ 25 ye:
8>><
>>:(3) If ye <
3
8
de, thenl0 ¼ 4
5
le þ 15 ue  110 xe;
u0 ¼ 1
5
le þ 45 ue þ 110 xe;
x0 ¼  6
5
le þ 65 ue þ 25 xe;
y 0 ¼ 0:
8>><
>>:5. Algorithms and examples
In the previous section, we propose a method for computing the representations (l,u;x,y) of the nearest
trapezoidal and triangular approximations (Theorems 4.4 and 4.8). By applying (3.1), we will obtain their
a-cut representations. In the following, we propose the algorithms for computing the a-cut representations
of nearest trapezoidal and triangular approximations of fuzzy numbers.
Let A = [AL(a),AU(a)] be a fuzzy number, and deﬁne/ :¼
Z 1
0
ð3a 1Þ½AU ðaÞ  ALðaÞda: ð5:1Þ
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Remark 4.6 implies that the nearest trapezoidal approximation in Case (2) of Theorem 4.4 is triangular. Let
Tn(A) = [t1  (1  a)t2, t1 + (1  a)t3]. By applying (3.1) and (4.3), through an elementary computation we
obtaint1 ¼ le þ 1
2
xe  1
4
de ¼
Z 1
0
ð3a 1Þ½ALðaÞ þ AU ðaÞda; ð5:2Þ
t2 ¼ xe  3
8
de ¼ 3
2
t1 þ 3
Z 1
0
ða 1ÞALðaÞda; ð5:3Þ
t3 ¼ ye 
3
8
de ¼  3
2
t1  3
Z 1
0
ða 1ÞAU ðaÞda: ð5:4ÞNotice that xe < 38 de iﬀ t2 < 0 and ye <
3
8
de iﬀ t3 < 0. Similarly, we may obtain Tn(A) = [s1, s1 + (1  a)s2] in
Case (3) of Theorem 4.4, wheres1 ¼ 4
5
Z 1
0
ALðaÞdaþ 2
5
Z 1
0
ð3a 1ÞAU ðaÞda; ð5:5Þ
s2 ¼ 4s1 þ 2
Z 1
0
ðALðaÞ þ AU ðaÞÞda; ð5:6Þand Tn(A) = [s1  (1  a)s2, s1] in Case (4) of Theorem 4.4, wheres1 ¼ 4
5
Z 1
0
AUðaÞdaþ 2
5
Z 1
0
ð3a 1ÞALðaÞda; ð5:7Þ
s2 ¼ 4s1  2
Z 1
0
ðALðaÞ þ AU ðaÞÞda: ð5:8ÞBy applying Theorem 4.4, we propose the following algorithm.
Algorithm 1. Let A = [AL(a),AU(a)] be a fuzzy number, and Tn(A) be the nearest trapezoidal approximation
of A:
Step 1. Compute / by Eq. (5.1). If /P 0, then apply Grzegorzewski and Mro´wka’s formulas (Eqs. (3.2)–
(3.5)) to determine Tn(A).
Step 2. If / < 0, then compute t1, t2 and t3 by Eq. (5.2). If t2P 0 and t3P 0, then Tn(A) =
[t1  (1  a)t2, t1 + (1  a)t3].
Step 3. If t2 < 0, then Tn(A) = [s1, s1 + (1  a)s2], where s1 and s2 are computed by Eqs. (5.5) and (5.6).
Step 4. If t3 < 0, then Tn(A) = [s1  (1  a)s2, s1], where s1 and s2 are computed by Eqs. (5.7) and (5.8).Example 5.1. Let’s consider the nearest trapezoidal approximations Tn of the following fuzzy numbers: (1)
A ¼ 1þ a2; 1 ﬃﬃﬃap½ , (2) B ¼ 1þ ﬃﬃﬃap ; 1 ﬃﬃﬃap½ , and (3) C ¼ 0; 1 ﬃﬃﬃap½ .
(1) A ¼ 1þ a2; 1 ﬃﬃﬃap½ . By applying Eq. (5.1), we get/ðAÞ ¼
Z 1
0
ð3a 1Þð2 a2  ﬃﬃﬃap Þda ¼ 1
20
> 0:
Therefore, by Eqs. (3.2)–(3.5) (in Step 1) we obtain
T nðAÞ ¼  7
6
þ a; 11
15
 4
5
a
 	
:
C.-T. Yeh / Internat. J. Approx. Reason. 48 (2008) 297–313 307(2) B ¼ 1þ ﬃﬃﬃap ; 1 ﬃﬃﬃap½ . By applying Eq. (5.1), we get
/ðBÞ ¼
Z 1
0
ð3a 1Þð2 2 ﬃﬃﬃap Þda ¼  1
15
< 0:
Therefore, by Eqs. (5.2)–(5.4) (in Step 2) we obtain t1 = 0 and t2 ¼ t3 ¼ 710 > 0. Thus,
T nðBÞ ¼  7
10
ð1 aÞ; 7
10
ð1 aÞ
 	
:(3) C ¼ 0; 1 ﬃﬃﬃap½ . By applying Eq. (5.1), we get
/ðCÞ ¼
Z 1
0
ð3a 1Þð1 ﬃﬃﬃap Þda ¼  1
30
< 0:
Next, by applying Eqs. (5.2)–(5.4) (in Step 2) we obtain t1 ¼  130, t2 ¼  120, and t3 ¼ 34. Since t2 < 0, by
Eqs. (5.5) and (5.6) (in Step 3) we obtain s1 ¼  175 and s2 ¼ 1825. Thus,
T nðCÞ ¼  1
75
;
53
75
 18
25
a
 	
:In the same vein, we may also obtain the following algorithm for computing the nearest triangular approx-
imation of a fuzzy number.
Algorithm 2. Let A = [AL(a),AU(a)] be a fuzzy number, and D(A) be the nearest triangular approximation
of A.
Step 1. Compute t1, t2 and t3 by Eqs. (5.2)–(5.4). If t2P 0 and t3P 0, then D(A) = [t1  (1  a)t2,
t1 + (1  a)t3].
Step 2. If t2 < 0, then D(A) = [s1, s1 + (1  a)s2], where s1 and s2 are computed by Eqs. (5.5) and (5.6).
Step 3. If t3 < 0, then D(A) = [s1  (1  a)s2, s1], where s1 and s2 are computed by Eqs. (5.7) and (5.8).
Example 5.2. Let’s consider the nearest triangular approximation D of the fuzzy number A ¼
1þ a2; 1 ﬃﬃﬃap½ .
By applying Eqs. (5.2)–(5.4), we will obtain t1 ¼  760, t2 ¼ 4340, and t3 ¼ 78. Because t2 > 0 and t3 > 0, by Step 1
we obtainDðAÞ ¼  7
60
 43
40
ð1 aÞ; 7
60
þ 7
8
ð1 aÞ
 	
:6. Properties
For arbitrary fuzzy numbers A = [AL(a),AU(a)], B = [BL(a),BU(a)] and a real number r, the addition and
scalar multiplication of fuzzy numbers can be represented as follows:Aþ B ¼ ½ALðaÞ þ BLðaÞ;AU ðaÞ þ BUðaÞ;
rA ¼ ½rALðaÞ; rAU ðaÞ; if rP 0;½rAUðaÞ; rALðaÞ; if r < 0:
Obviously, if A = (l1,u1;x1,y1) and B = (l2,u2;x2,y2), it is easily veriﬁed thatAþ B ¼ ðl1 þ l2; u1 þ u2; x1 þ x2; y1 þ y2Þ; ð6:1Þ
rA ¼ ðrl1; ru1; rx1; ry1Þ; if rP 0;ðru1; rl1;ry1;rx1Þ; if r < 0:

ð6:2Þ
308 C.-T. Yeh / Internat. J. Approx. Reason. 48 (2008) 297–313Let Te(A) = (le(A),ue(A);xe(A),ye(A)) be the extended trapezoidal approximation of fuzzy number A. In [15,
Proposition 2.1], the author proved thatT eðrAþ sBÞ ¼ rT eðAÞ þ sT eðBÞ; ð6:3Þ
for all fuzzy numbers A, B and r; s 2 R. Hence, we haveleðAþ BÞ ¼ leðAÞ þ leðBÞ; ueðAþ BÞ ¼ ueðAÞ þ ueðBÞ; ð6:4Þ
xeðAþ BÞ ¼ xeðAÞ þ xeðBÞ; yeðAþ BÞ ¼ yeðAÞ þ yeðBÞ; ð6:5Þand
(1) if rP 0, thenleðrAÞ ¼ rleðAÞ; ueðrAÞ ¼ rueðAÞ; xeðrAÞ ¼ rxeðAÞ; yeðrAÞ ¼ ryeðAÞ; ð6:6Þ
(2) if r < 0, thenleðrAÞ ¼ rueðAÞ; ueðrAÞ ¼ rleðAÞ; xeðrAÞ ¼ ryeðAÞ; yeðrAÞ ¼ rxeðAÞ: ð6:7ÞThe above equalities may also be veriﬁed by applying Eqs. (3.6)–(3.9). LetdeðAÞ :¼ xeðAÞ þ yeðAÞ  2ueðAÞ þ 2leðAÞ: ð6:8Þ
Eqs. (6.4) and (6.5) together implydeðAþ BÞ ¼ deðAÞ þ deðBÞ: ð6:9Þ
By Eqs. (6.6)–(6.8), we may also obtaindeðrAÞ ¼ jrjdeðAÞ: ð6:10Þ
Now, let’s deﬁne four subsets of fuzzy numbers as follows:C1 :¼ fAjdeðAÞ 6 0g;
C2 :¼ AjdeðAÞ > 0; xeðAÞP 3
8
deðAÞ; yeðAÞP
3
8
deðAÞ
 
;
C3 :¼ AjdeðAÞ > 0; xeðAÞ < 3
8
deðAÞ
 
;
C4 :¼ AjdeðAÞ > 0; yeðAÞ <
3
8
deðAÞ
 
:By Remark 4.5, they form a partition of the set of fuzzy numbers.
Proposition 6.1. Let A and B belong to the same Ci, 1 6 i 6 4. Then the nearest trapezoidal approximation Tn
satisfies:
(1) Tn(A + B) = Tn(A) + Tn(B),
(2) Tn(r A) = rTn(A),
for all r 2 R. Moreover, Tn(rA + sB) = rTn(A) + sTn(B) for all r; s 2 R.
Proof
(1) By Eqs. (6.5) and (6.9), A, B 2 Ci implies A + B 2 Ci. If i = 1, by applying Theorem 4.4(1) we have
Tn(A) = Te(A), Tn(B) = Te(B) and Tn(A + B) = Te(A + B). Consequently, Eq. (6.3) gives Te(A + B) =
Te(A) + Te(B). Hence we obtainT nðAþ BÞ ¼ T eðAþ BÞ ¼ T eðAÞ þ T eðBÞ ¼ T nðAÞ þ T nðBÞ:
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ue, xe, ye, by Eqs. (6.4) and (6.5) we obtain
lnðAþ BÞ ¼ lnðAÞ þ lnðBÞ; unðAþ BÞ ¼ unðAÞ þ unðBÞ;
xnðAþ BÞ ¼ xnðAÞ þ xnðBÞ; ynðAþ BÞ ¼ ynðAÞ þ ynðBÞ:
Applying the above equalities and Eq. (6.1), we compute
T nðAþ BÞ ¼ ðlnðAþ BÞ; unðAþ BÞ; xnðAþ BÞ; ynðAþ BÞÞ
¼ ðlnðAÞ þ lnðBÞ; unðAÞ þ unðBÞ; xnðAÞ þ xnðBÞ; ynðAÞ þ ynðBÞÞ ¼ T nðAÞ þ T nðBÞ:(2) If A 2 C1, Eq. (6.10) implies
deðrAÞ ¼ jrjdeðAÞ 6 0:
Hence, rA 2 C1. By applying Theorem 4.4(1), we have Tn(A) = Te(A) and Tn(rA) = Te(rA). Conse-
quently, Eq. (6.3) gives Te(rA) = rTe(A). Hence we obtain
T nðrAÞ ¼ T eðrAÞ ¼ rT eðAÞ ¼ rT nðAÞ:
Let A 2 Ci, iP 2. For rP 0, it is easy to prove Tn(rA) = rTn(A) by applying Eq. (6.6) and the fact that
ln, un, xn, yn are linear combinations of le, ue, xe, ye. Let r < 0. If A 2 C2, i.e. de(A) > 0 and
xeðAÞ; yeðAÞP 38 deðAÞ, Eqs. (6.7) and (6.10) together imply
deðrAÞ ¼ rdeðAÞ > 0;
xeðrAÞ ¼ ryeðAÞP r
3
8
deðAÞ ¼ 3
8
deðrAÞ;
yeðrAÞ ¼ rxeðAÞP r
3
8
deðAÞ ¼ 3
8
deðrAÞ:
Hence, rA 2 C2. Substituting into Eq. (4.3) by rA and A, we get
lnðrAÞ ¼ leðrAÞ  1
16
deðrAÞ ¼ r ueðAÞ þ 1
16
deðAÞ
 	
¼ runðAÞ;
unðrAÞ ¼ ueðrAÞ þ 1
16
deðrAÞ ¼ r leðAÞ  1
16
deðAÞ
 	
¼ rlnðAÞ;
xnðrAÞ ¼ xeðrAÞ  3
8
deðrAÞ ¼ r yeðAÞ 
3
8
deðAÞ
 	
¼ rynðAÞ;
ynðrAÞ ¼ yeðrAÞ 
3
8
deðrAÞ ¼ r xeðAÞ  3
8
deðAÞ
 	
¼ rxnðAÞ:
Hence,
T nðrAÞ ¼ ðlnðrAÞ; unðrAÞ; xnðrAÞ; ynðrAÞÞ ¼ ðrunðAÞ; rlnðAÞ;rynðAÞ;rxnðAÞÞ ¼ rT nðAÞ ðby Eq: ð6:2ÞÞ:
If A 2 C3, Eq. (6.7) implies
yeðrAÞ ¼ rxeðAÞ < r
3
8
deðAÞ ¼ 3
8
deðrAÞ:
Hence, rA 2 C4. Substituting into Eq. (4.5) by rA, we compute
lnðrAÞ ¼ 4
5
leðrAÞ þ 1
5
ueðrAÞ  1
10
xeðrAÞ ¼ r 4
5
ueðAÞ þ 1
5
leðAÞ þ 1
10
yeðAÞ
 	
¼ runðAÞ ðby Eq: ð4:4ÞÞ:
In the same manner, we may obtain
unðrAÞ ¼ rlnðAÞ; xnðrAÞ ¼ rynðAÞ; ynðrAÞ ¼ rxnðAÞ:
By applying Eq. (6.2), we will obtain Tn(rA) = rTn(A). Similarly, we may prove the case A 2 C4. hIn the same vein, we may obtain the following proposition.
310 C.-T. Yeh / Internat. J. Approx. Reason. 48 (2008) 297–313Proposition 6.2. Let A and B both belong to C1 [ C2 (C3 or C4). Then the nearest triangular approximation D
satisfies:
(1) D(A + B) = D(A) + D(B),
(2) D(rA) = rD(A),
for all r 2 R. Moreover, D(rA + sB) = rD(A) + sD(B) for all r; s 2 R.
Proposition 6.3. The nearest trapezoidal and nearest triangular approximations are both invariant to
translations.
Proof. Let A = [AL(a),AU(a)] be a fuzzy number, and z be a real number. ThenAþ z ¼ ½ALðaÞ þ z;AU ðaÞ þ z:
Notice thatleðAþ zÞ ¼ leðAÞ þ z; ueðAþ zÞ ¼ ueðAÞ þ z;
xeðAþ zÞ ¼ xeðAÞ; yeðAþ zÞ ¼ yeðAÞ;
deðAþ zÞ ¼ deðAÞ:Hence, A and A + z belong to the same Ci, 1 6 i 6 4. Applying Theorem 4.4 and substituting by the above
equalities, we will obtainT nðAþ zÞ ¼ ðlnðAþ zÞ; unðAþ zÞ; xnðAþ zÞ; ynðAþ zÞÞ ¼ ðlnðAÞ þ z; unðAÞ þ z; xnðAÞ; ynðAÞÞ ¼ T nðAÞ þ z:Similarly, we may apply Theorem 4.8 to prove the other one. h
Recall that a complete inner product space is called a Hilbert space. Let X be a closed convex subset of a
Hilbert space (H, hÆ, Æi). Then there uniquely exists an element in X of smallest norm [14, Theorem 4.10, p. 79].
Let ~a 2 H . Hence, there uniquely exists an element in X, denoted by T ð~aÞ, which minimizes the distancedð~a;~xÞ :¼ h~a~x;~a~xi12;
where~x 2 X.
Fact 6.4. Let X be a closed convex subset of a Hilbert space H. ThendðT ð~aÞ; T ð~bÞÞ 6 dð~a;~bÞ;
for all ~a;~b 2 H .
Proof. See Appendix C. h
Let’s deﬁne an inner product hÆ, Æi for R4 as followsh~a;~bi :¼ l1l2 þ u1u2 þ 1
12
ðx1x2 þ y1y2Þ;where ~a ¼ ðl1; u1; x1; y1Þ and ~b ¼ ðl2; u2; x2; y2Þ. Obviously,dð~a;~bÞ2 ¼ h~a~b;~a~bi ¼ ðl1  l2Þ2 þ ðu1  u2Þ2 þ 1
12
½ðx1  x2Þ2 þ ðy1  y2Þ2:Every ﬁnite dimensional inner product space is Hilbert. Hence, ðR4; h; iÞ is a Hilbert space. Let A =
(l1,u1;x1,y1) and B = (l2,u2;x2,y2) be two extended trapezoidal fuzzy numbers. By Proposition 3.2, we obtaindðA;BÞ ¼ dð~a;~bÞ:
This shows that Problem 4.1 (or Problem 4.7) can be represented as follows: Let X = {(l,u,x,y)jx,yP 0,
x + y 6 2(u  l)} (or X = {(l,u,x,y)jx,yP 0, x + y = 2(u  l)}) and ~a ¼ ðle; ue; xe; yeÞ. Find T ð~aÞ.
C.-T. Yeh / Internat. J. Approx. Reason. 48 (2008) 297–313 311Obviously, X is a closed convex subset of R4. Now, applying Fact 6.4 to Te(A) and Te(B) we obtaindðT nðAÞ; T nðBÞÞ 6 dðT eðAÞ; T eðBÞÞ: ð6:11ÞProposition 6.5. Let A and B be arbitrary fuzzy numbers. ThendðT nðAÞ; T nðBÞÞ 6 dðA;BÞ and dðDðAÞ;DðBÞÞ 6 dðA;BÞ:Proof. Let Te denote the extended trapezoidal approximation. Proposition 3.4 givesdðT eðAÞ; T eðBÞÞ 6 dðA;BÞ:
By (6.11), we getdðT nðAÞ; T nðBÞÞ 6 dðT eðAÞ; T eðBÞÞ 6 dðA;BÞ:
Similarly, we may prove the other inequality by considering the closed convex subset {(l,u,x,y)|x,yP 0,
x + y = 2(u  l)}. h
Proposition 6.6. The nearest trapezoidal and nearest triangular approximations are both continuous.
Proof. Proposition 6.5 shows that Tn and D both satisfy the Lipschitz condition. Hence, they are
continuous. h7. Conclusions
The weighted triangular approximation of the fuzzy number with a-cuts 0; 1 ﬃﬃﬃap½  is not a fuzzy number,
for any weighted function. For ﬁlling the gap, we introduce the space of extended trapezoidal fuzzy numbers
and extended trapezoidal approximations, so as to formulate the algorithms for computing our improved
trapezoidal and triangular approximations. The two improved approximations of any fuzzy number are fuzzy
numbers. Furthermore, they both satisfy translation invariance, scale invariance, identity criterion, and Lips-
chitz continuity.
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Appendix A
Proposition 3.1. [16, Proposition 3.1]. Let A = (l,u;x,y) be an extended trapezoidal fuzzy number. Then
(1) A is trapezoidal iff x, yP 0 and x + y 6 2(u  l).
(2) A is triangular iff x, yP 0 and x + y = 2(u  l).
Proof. Obviously (3.1) impliesA ¼ lþ x a 1
2
 
; u y a 1
2
  	
¼ l 1
2
xþ xa; uþ 1
2
y  ya
 	
:By applying the constraint (2.1), A is trapezoidal iﬀl 1
2
x 6 lþ 1
2
x 6 u 1
2
y 6 uþ 1
2
y:
312 C.-T. Yeh / Internat. J. Approx. Reason. 48 (2008) 297–313It is easily veriﬁed that the above inequalities are equivalent to x, yP 0 and x + y 6 2(u  l). In the same vein,
we may get that A is a triangular fuzzy number iﬀ x, yP 0 and x + y = 2(u  l). hAppendix B
Proposition 3.2. [16, Proposition 3.3]. Let A = (l1,u1;x1,y1) and B = (l2,u2;x2,y2) be two extended trapezoidal
fuzzy numbers. ThendðA;BÞ2 ¼ ðl1  l2Þ2 þ ðu1  u2Þ2 þ 1
12
½ðx1  x2Þ2 þ ðy1  y2Þ2:Proof. Obviously, (3.1) impliesA ¼ l1 þ x1 a 1
2
 
; u1  y1 a
1
2
  	
;B ¼ l2 þ x2 a 1
2
 
; u2  y2 a
1
2
  	
:From Eq. (1.1), we computedðA;BÞ2 ¼
Z 1
0
l1 þ x1 a 1
2
 
 l2 þ x2 a 1
2
  

2
da
þ
Z 1
0
u1  y1 a
1
2
 
 u2  y2 a
1
2
  

2
da
¼
Z 1
0
ðl1  l2Þ2 daþ
Z 1
0
ðx1  x2Þ2 a 1
2
 2
daþ
Z 1
0
ðu1  u2Þ2 daþ
Z 1
0
ðy1  y2Þ2 a
1
2
 2
da
¼ ðl1  l2Þ2 þ ðu1  u2Þ2 þ 1
12
½ðx1  x2Þ2 þ ðy1  y2Þ2:This completes the proof. hAppendix C
Let (H, hÆ, Æi) be a Hilbert space, X be a closed convex subset of H,~a 2 H , and let T ð~aÞ denote the element in X
which minimizes the distancedð~a;~xÞ :¼ h~a~x;~a~xi12;
where~x 2 X. Then dðT ð~aÞ; T ð~bÞÞ 6 dð~a;~bÞ, for all ~a;~b 2 H .
Proof. Let t 2 (0,1). We get ð1 tÞT ð~aÞ þ tT ð~bÞ 2 X, since X is convex. Obviously,dð~a; ð1 tÞT ð~aÞ þ tT ð~bÞÞ2 ¼ h~a T ð~aÞ þ t½T ð~aÞ  T ð~bÞ;~a T ð~aÞ þ t½T ð~aÞ  T ð~bÞi
¼ dð~a; T ð~aÞÞ2 þ 2th~a T ð~aÞ; T ð~aÞ  T ð~bÞi þ t2dðT ð~aÞ; T ð~bÞÞ2:The deﬁnition of T ð~aÞ implies dð~a; ð1 tÞT ð~aÞ þ tT ð~bÞÞP dð~a; T ð~aÞÞ for all t 2 (0,1). That is
2th~a T ð~aÞ; T ð~aÞ  T ð~bÞi þ t2dðT ð~aÞ; T ð~bÞÞ2 P 0;or equivalently,h~a T ð~aÞ; T ð~aÞ  T ð~bÞiP  t
2
dðT ð~aÞ; T ð~bÞÞ2:Let t! 0+, we obtain h~a T ð~aÞ; T ð~aÞ  T ð~bÞiP 0. Similarly, we may also obtain h~bT ð~bÞ;T ð~bÞT ð~aÞiP 0.
Let~d :¼~a T ð~aÞ  ð~b T ð~bÞÞ;
C.-T. Yeh / Internat. J. Approx. Reason. 48 (2008) 297–313 313we concludeh~d; T ð~aÞ  T ð~bÞiP 0:
Now, let’s computeh~a~b;~a~bi ¼ h~d þ T ð~aÞ  T ð~bÞ;~d þ T ð~aÞ  T ð~bÞi
¼ h~d;~di þ 2h~d; T ð~aÞ  T ð~bÞi þ hT ð~aÞ  T ð~bÞ; T ð~aÞ  T ð~bÞiP hT ð~aÞ  T ð~bÞ; T ð~aÞ  T ð~bÞi:This completes the proof. hReferences
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